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Abstract. In this communication we briefly report an unexpected theoretical discovery which
emerge from the mapping of Elko mass-dimension-one spinors into single helicity spinors. Such
procedure unveils a class of spinor which is classified as type-4 spinor field within Lounesto classi-
fication. In this paper we explore the underlying physical and mathematical contents of the type-4
spinor.
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I. INTRODUCTION
According to the Lounesto classification there are six disjoint classes of spinors [1]. The first three classes stand
for regular spinors fields for spin 1/2 fermions and the remaining three classes stand for singular spinors like type-4,
Majorana and Weyl spinors fields. Until the present moment, all the above mentioned spinors (and the associated
quantum fields) are well-established except for the type-4 spinor. Since it was proposed by Lounesto [1], no physical
or experimental evidence was found, therefore, we do not know what kind of particle is described by the mentioned
class of spinors. The classical path that several physicists and mathematicians normally use to construct such spinors
is based on the so-called inversion theorem [2, 3], however, the last mentioned protocol do not explicitly provide the
spinor’s components. In other words, it only shows how components might be connected, therefore, we do not have
enough information about how it emerges from the space-time symmetries. It does not bring information about the
related dynamics and the behaviour under certain discrete symmetries like parity (P ), charge conjugation (C) and
time-reversal (T ). Consequently, all the above mentioned features remain open for investigation. The focus of the
present communication is to find explicitly a spinor to fill this gap in the Lounesto classification and shed some light
on several related areas.
Although there is no quantum field operator constructed based on type-4 spinors, it is expected that it does not
respect the full Lorentz symmetries. This spinors are potential candidates to describe dark matter, dark energy and
to construct mass-dimension-one fermions [4]. While there is compelling evidence in astrophysics and cosmology that
most of the mass of the Universe is composed of a new form of non baryonic dark matter, there is a lack of evidence of
the existence of new physics at LHC (Large Hadron Collider) and other particle physics experiments. On the theory
side, many specific models with new particles and interactions beyond the standard model have been proposed to
account for dark matter [5]. The type-4 spinors fields are wealthy regarding their mathematical structure [1, 6] and
from the Physics point of view have been found to be they particle corresponding to the solution of the Dirac equation
in f(R) gravity with torsion [7].
In this paper we report an unexpected theoretical discovery which comes from mapping of Mass-Dimension-One
(MDO) spinors into single helicity spinors. MDO spinors were firstly introduced in the literature around the 90’s.
Elko spinor fields compose a complete set of dual helicity spinor that are neutral under charge conjugation operator.
Because of this, Elko fields have suppressed interactions with the Standard Model particles. In such a way, these
fields are dark with respect to the matter and gauge fields of the Standard Model, interacting only with gravity and
the Higgs boson [8]. The net result of such mapping protocol surprisingly enough give rise to the type-4 spinors and
also to regular spinors (it can be accomplished by fixing an arbitrary phase parameter). This given protocol must
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2be understood as an attempt to incorporate dark matter to the Standard Model. The present paper give allowance
to transmute from the MDO field to another kind of MDO field and also from MDO field to Dirac field. Evidently
given task was obscure until the present days because type-4 spinors “born” from MDO spinors. Therefore, only Elko
spinors were considered to belong to a class of mass-dimension-one fields, however, type-4 spinors carry the same
mass-dimensionality as Elko’s do, in the meantime, they are single helicity spinors. Interestingly enough, it is the first
time that we observe a single helicity spinor endowed with mass-dimension-one feature. These new objects endowed
with mass-dimension-one are strong candidates to describe dark matter and perhaps dark energy. The difference
among type-4 spinors and Elko spinors lies on the fact that the first type have no suppressed interaction with the
Standard Model of particle physics. So, the last statement translates into the fact that it does not exhibit neutral
character under charge conjugation operator.
In the present work we explore the underlying details related to the construction of the type-4 spinors and their
physical information. Here we report what we have deciphered about the associated dynamics, spin sums calculation
and the encoded physical information, looking towards a possible quantization. The paper is organized as follows:
Section II is an in-depth overview about MDO and single helicity spinors, highlighting the main aspects of both
spinors. In the Sec III we define and establish the mapping protocol employed throughout this work. In the Section
IV we explore the physical information, i.e., we evaluate the bilinear covariants. We reserved Section V to study the
dynamics associated with type-4 spinors and compute the spin sums, based on the new observed aspects inherited
from Elko spinors. Finally, Section VI we conclude.
II. ELEMENTARY OVERVIEW ON MASS-DIMENSION-ONE AND SINGLE-HELICITY SPINORS
Since they were proposed, the Dirac spinors are well known to describe a specific particle: the electron. Most
text-books spend dozen of pages defining the Dirac spinor main features, e.g., the related dynamics, the quantum
field operator, bilinear structures, interactions and couplings, etc. Dirac spinors emerge naturally from the symmetries
of the full Poincare´ group1, and the particle interpretation depends on some given properties under transformations
by certain group transformations [9].
Dirac spinors are defined as a single helicity objects, whose representation spaces are related by the parity symmetry.
In this sense, they compose a complete set of eigenspinors of the parity operator and are governed by the Dirac
dynamics (for more details, please, check the References [10–12]). So, in the Weyl representation, Dirac spinors are
defined as
ψD(p) =
(
φR(p)
φL(p)
)
, (1)
commonly φR(p) and φL(p) are defined as right- and left-hand components under Lorentz transformations, respec-
tively. Recently, a set of dual helicity spinors which compose a complete set of eigenspinors of the charge conjugation
operator, namelly Elko (or mass-dimension-one spinors), were reported in the literature [13, 14]. These spinors only
respect the Klein-Gordon wave-equation and due to this, their fields are endowed with mass-dimension-one [13, 14].
Elko spinors show some peculiar, and very particular, properties that make them interesting objects to explore. Elko
spinors are built in the absence of discrete symmetries as a fundamental relation between the representation space.
They are defined within proper orthochronous Lorentz subgroup (L↑+) [15]. Nevertheless, Elko’s representation space
are connected by the Wigner’s spin 1/2 time reversal operator
Θ =
(
0 −1
1 0
)
, (2)
which has the property ΘσΘ−1 = −σ∗. Therefore, the Elko spinors are then defined as
λ
S/A
h (p) =
( ±iΘ[φL(p)]∗
φL(p)
)
, (3)
where Θ[φL(p)]
∗ and φL(p) are defined as right- and left-hand components, the upper indexs S and A stand for
self-conjugated and anti-self-conjugated under charge conjugation operation (CλS/Ah = ±λS/Ah ) and the lower index h
1 By full Poincare´ group we mean boosts, rotations, space-time translations, parity and time-reversal symmetries.
3stands for the helicity of each component [14].
By dual helicity feature we mean once the left hand helicity is stablished, e.g.,
~σ.pˆ φ±L (p) = ±φ±L (p), (4)
the other component has opposite helicity, i.e.,
~σ.pˆ Θ[φ±L (p)]
∗ = ∓Θ[φ±L(p)]∗, (5)
contrasting with the single helicity case [11]
~σ.pˆ φ±R/L(p) = ±φ±R/L(p), (6)
where the helicity operator reads
~σ.pˆ =
(
cos(θ) sin(θ)e−iφ
sin(θ)eiφ − cos(θ)
)
, (7)
representing the unit vector along p as pˆ = (sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)). Note that the dual helicity feature
comes from the Wigner time-reversal operator. So, Elko spinors are pioneer objects in the literature to carry dual
helicity feature.
III. MAPPING ELKO SPINORS INTO SINGLE HELICITY SPINORS: THE RISE OF A HIDDEN
CLASS
In the previous section we discussed about the Elko and the single helicity spinors fundamental details. A natural
question that may rise is: Is it possible, through some mathematical treatment, to transmute Elko’s dual helicity
and make it become a single helicity object as Dirac is do? Does this procedure bring any relevant physical and
mathematical information? To answer these questions, we start with the following assumption:
ψ(p) =MλS/A(p), (8)
where M is a 4 × 4 mapping matrix that extinguishes Elko dual helicity feature. To find the M components, we
manipulate mathematically the relations (4) and (5), imposing the following condition to the λS{−+}(p) spinors
2
~σ.pˆM1(11)Θ[φ+L (0)]∗ = +M1(11)Θ[φ+L(0)]∗, (9)
where
M1 =
(M1(11) M1(12)
M1(21) M1(22)
)
. (10)
Please note thatM1(ij) is a 2× 2 matrix. Nevertheless, if one wishes to impose the last condition, given in (9), to the
component that transforms as left-hand component, its helicity should remain unchanged. For this reason, the last
statement translates into M1(22) = 1 and M1(12) = M1(21) = 0. Then, after a straightforward calculation, one gets
the following matrix
M1(p) =


m11 (κ1 +m11 tan(θ/2))e
−iφ 0 0
(−κ1 +m22 cot(θ/2))eiφ m22 0 0
0 0 1 0
0 0 0 1

 , (11)
2 A very same mathematical treatment is also valid for the λA spinors mutatis mutandis
4where κ1 is an arbitrary parameter, its fixation allow us to obtain regular or singular spinors. So, the structure of the
mapped single helicity spinor, namelly ψ(p) read 3
ψ1↑(p) =
√
m


iκ1B+(p) cos(θ/2)e−iφ/2
iκ1B+(p) sin(θ/2)eiφ/2
B−(p) cos(θ/2)e−iφ/2
B−(p) sin(θ/2)eiφ/2

 . (12)
Note that the employed mapping procedure only changes the helicity of the component that transforms like a right-
hand component4. However, it is possible to keep the right-hand helicity and then change the helicity of the left-hand
component, performing the following transformation
~σ.pˆM2(22)φ+L (0) = −M2(22)φ+L (0). (13)
From the above condition, we are able to write the next mapping matrix
M2(p) =


1 0 0 0
0 1 0 0
0 0 m34 −(κ2 +m33 cot(θ/2))e−iφ
0 0 (κ2 −m44 tan(θ/2))eiφ m44

 , (14)
resulting in
ψ2↓(p) =
√
m


−iB+(p) sin(θ/2)e−iφ/2
iB+(p) cos(θ/2)eiφ/2
−κ2B−(p) sin(θ/2)e−iφ/2
κ2B−(p) cos(θ/2)eiφ/2

 . (15)
Now, with this protocol at hand, we are able to map the λS{+−}(p) spinor
~σ.pˆM3Θ[φ−L (0)]∗ = −M3Θ[φ−L (0)]∗, (16)
which provides the following matrix
M3(p) =


m11 −(κ3 +m11 cot(θ/2))e−iφ 0 0
(κ3 −m22 tan(θ/2))eiφ m22 0 0
0 0 1 0
0 0 0 1

 , (17)
and the associated spinor is
ψ3↓(p) =
√
m


iκ3B+(p) sin(θ/2)e−iφ/2
−iκ3B+(p) cos(θ/2)eiφ/2
−B−(p) sin(θ/2)e−iφ/2
B−(p) cos(θ/2)eiφ/2

 . (18)
And the last mapping possibility is given by
~σ.pˆM4φ−L (0) = +M4φ−L (0), (19)
3 To reduce the notation we have defined the boost parameters as B±(p) ≡
√
E+m
2m
(
1± p
E+m
)
4 The symbols ↑ and ↓ stand for the positive and negative helicity of the components.
5with
M4(p) =


1 0 0 0
0 1 0 0
0 0 m33 (κ4 +m33 tan(θ/2))e
−iφ
0 0 (−κ4 +m44 cot(θ/2))eiφ m44

 . (20)
Then, finally we obtain
ψ4↑(p) =
√
m


−iB+(p) cos(θ/2)e−iφ/2
−iB+(p) sin(θ/2)eiφ/2
κ4B−(p) cos(θ/2)e−iφ/2
κ4B−(p) sin(θ/2)eiφ/2

 . (21)
Indeed M−1i exists, where i = 1, 2, 3, 4, ensuring an invertible map and M2 6= 1. Note that for all the above spinors
the representation space is connected by the identity matrix (less than a phase factor) and not by the parity symmetry
or Wigner time-reversal operator. This is what leads us to state that the ψi(p) spinors does not, necessarily, fulfil the
Dirac dynamics.
IV. CLASSIFYING THE ψ SPINORS
Consider the Minkowski spacetime (M, ηµν ) and its tangent bundle TM . Denoting sections of the exterior bundle by
secΛ(TM), and given a k-vector a ∈ secΛk(TM), the reversion is defined by a˜ = (−1)|k/2|a, and the grade involution
by aˆ = (−1)ka, where |k| stands for the integral part of k. By extending the Minkowski metric from secΛ1(TM) =
secT ∗M to secΛ(TM), and considering a1, a2 ∈ sec Λ(V ), the left contraction is given by g(aya1, a2) = g(a1, a˜ ∧ a2).
The well-known Clifford product between the dual of a vector field v ∈ sec Λ1(TM) and a multivector is given by
va = v ∧ a + va, defining thus the spacetime Clifford algebra Cℓ1,3. The set {eµ} represents sections of the frame
bundle PSOe1,3(M) and {γµ} can be further thought as being the dual basis {eµ}, namely, γµ(eµ) = δµν . Classical
spinors are objects of the space that carries the usual τ = (1/2, 0)⊕ (0, 1/2) representation of the Lorentz group, that
can be thought as being sections of the vector bundle PSpine1,3(M)×τ C4.
Given a spinor field ψ ∈ secPSpine1,3(M) ×τ C4, the bilinear covariants are sections of the bundle Λ(TM) [2, 16].
Indeed, the well-known Lounesto spinor classification is based upon bilinear covariants and the underlying multivector
structure. The physical nature of the classification focuses on the bilinear covariants, which are physical observables,
characterizing different types of fermionic particles. The observable quantities are given by the following multivectors:
σ = ψ†γ0ψ, ω = −ψ†γ0γ0123ψ,
J = ψ†γ0γµψγ
µ, K = ψ†γ0iγ0123γµψγ
µ,
S =
1
2
ψ†γ0iγµνψγ
µ ∧ γν , (22)
where γ0123 := γ5 = iγ0γ1γ2γ3. The set {1, γI} (where I ∈ {µ, µν, µνρ, 5} is a composed index) is a basis forM(4,C)
satisfying γµγν + γνγµ = 2ηµν1.
The above bilinear covariants in the Dirac theory are interpreted respectively as the mass of the particle (σ), the
pseudo-scalar (ω) relevant for parity-coupling, the probability current (J), the direction of the electron spin (K), and
the probability density of the intrinsic electromagnetic moment (S) associated to the electron. The most important
bilinear covariant for the our goal here is J, although with a different meaning. A prominent requirement for the
Lounesto spinor classification is that the bilinear covariants satisfies quadratic algebraic relations, namely, the so-called
Fierz-Pauli-Kofink (FPK) identities
JµJ
µ = σ + ω, JµJ
µ = −KµKµ, JµKµ = 0, JµKν − JνKµ = −ωSµν − σ
2
ǫαβµνS
αβ. (23)
The above identities are fundamental not only for classification, but also to further assert the inversion theorem[2].
Within the Lounesto classification scheme, a non vanishing J is crucial, since it enables to define the so called
boomerang [16] which has an ample geometrical meaning to assert that there are precisely six different classes of
spinors. This is a prominent consequence of the definition of a boomerang. As far as the boomerang is concerned, it
is not possible to exhibit more than six types of spinors, according to the bilinear covariants. Indeed, Lounesto spinor
6classification splits regular and singular spinors. The regular spinors are those which have at least one of the bilinear
covariants σ and ω non-null. Singular spinors, on the other hand, have σ = 0 = ω, consequently the Fierz identities
are normaly replaced by the more general conditions [2, 3]
Z2 = 4σZ, ZγµZ = 4JµZ, Ziγ5 = 4ωZ,
ZiγµγνZ = 4SµνZ, Zγ5γµZ = 4KµZ. (24)
When an arbitrary spinor ξ satisfies ξ∗ and belongs to C ⊗ Cℓ1,3 or equivalently when ξ†γ0ψ 6= 0 ∈ M(4,C) it is
possible to recover the original spinor ψ from its aggregate Z given by
Z = σ + J+ iS+Kγ5 − iωγ5, (25)
and the spinor ξ by the so-called Takahashi algorithm likewise.
Altogether, the algebraic constraints reduce the possibilities to six different spinor classes, namely
1. σ 6= 0, ω 6= 0.
2. σ 6= 0, ω = 0.
3. σ = 0, ω 6= 0.
4. σ = 0 = ω, Kµ 6= 0, Sµν 6= 0.
5. σ = 0 = ω, Kµ = 0, Sµν 6= 0.
6. σ = 0 = ω, Kµ 6= 0, Sµν = 0.
The spinors types-(1), (2) and (3), are called Dirac spinor fields (regular spinors). The spinor field (4) is called
flag-dipole [7], while the spinor field (5) is named flag-pole[13, 17, 18]. Majorana spinors are elements of the flag-pole
class. Finally, the type (6) dipole spinors are exemplified by Weyl spinors. Note that there are only six different
spinor fields. For the regular case, since J 6= 0, it follows that S 6= 0 and K 6= 0 as results of the identities (23). On
the other hand, for the singular case, the geometry determines that J(s+ hγ0123) = S+Kγ0213. As we can see, it is
important that J 6= 0 to ensure that FPK identities are satisfied, so we find only six different classes of spinors. In
fact, a non vanishing J is indispensable only for the regular spinor case. As mentioned, the above classification makes
use of this constraint in all the cases, since the very idea of the classification was to categorize spinors that could be
related to Dirac particles in some aspect. If we ignore this physical concept, more spinors can be found.
The type-4 spinors that we find in this work, does not necessarily guarantee the existence of any physical quantum
field operator. By physical, we mean that such field must be local, provide Fermi statistic and also ensure a positive-
definite Hamiltonian, as firstly observed in [19]. After we have accomplished the mapping task, we are able to classify
the spinor presented in Section III. Using as an example, the spinor given in equation (12), and defining its dual
structure as the same as the Dirac dual, we have
ψ¯1↑(p) =
√
m
( B−(p) cos(θ/2)eiφ/2 B−(p) sin(θ/2)e−iφ/2 −iκ∗1B+(p) cos(θ/2)eiφ/2 −iκ∗1B+(p) sin(θ/2)e−iφ/2 ) .
The next step is to calculate the 16 bilinear covariants [16], giving us to the following physical observables
σ = im(κ1 − κ∗1),
ω = m(κ∗1 − κ1),
J0 = (|κ1|2 − 1)E + (|κ1|2 + 1)p,
J1 =
(
(1− |κ1|2)E − (|κ1|2 + 1)p
)
sin θ cosφ,
J2 =
(
(1− |κ1|2)E − (|κ1|2 + 1)p
)
sin θ sinφ,
J3 =
(
(1− |κ1|2)E − (|κ1|2 + 1)p
)
cos θ,
7K0 = 2p,
K1 = −
[(
1 + |κ1|2)E + (|κ1|2 − 1)p
]
,
K2 = −
[(
1 + |κ1|2)E + (|κ1|2 − 1)p
]
sin θ sinφ,
K3 = −
[(
1 + |κ1|2)E + (|κ1|2 − 1)p
]
cos θ,
S01 =
m
2
[
κ1 + κ
∗
1
]
sin θ cosφ,
S02 =
m
2
[
κ1 + κ
∗
1
]
sin θ sinφ,
S03 =
m
2
[
κ1 + κ
∗
1
]
cos θ,
S12 =
im
2
[
κ1 − κ∗1
]
cos θ,
S13 =
−im
2
[
κ1 − κ∗1
]
sin θ sinφ,
S23 =
im
2
[
κ1 − κ∗1
]
sin θ cosφ.
Accordingly, the resulting spinor is classified as regular spinor when κ1 ∈ C, in agreement with [12] or type-4 when
κ1 = 1. Note that it is the only possible real value, if one imposes any other real value for κ, it can be shown that the
FPK identities, given by (24), will not be fulfilled. So, in this specific framework, we had an unexpected theoretical
discovery: type-4 spinors naturally arised from a mapping process between two different classes of spinor. Here we
choose to abstain from discussions about using a complex phase parameter due to the reasons that any relevant
information about this case can be found in Ref [12].
As showed in reference [15], Elko mass-dimension-one spinors do not belong to the Lounesto classification due to
the fact that they are endowed with different dual structure and dual-helicity features, a specific classification for
these spinors remains open. In this communication we constructed the first mass-dimension-one fermion which carry
single-helicity feature. We have developed a connection between the Lounesto classification and a special spinor type
within the mass-dimension-one classification, it is the only known fermion that compose this new classification. If
more mass-dimension-one fermions (like Elko) exist, another mapping treatment can be developed and perhaps a
general, robust and complete connection betwen Lounesto and MDO classification could be established.
V. TYPE-4 SPINORS UNDERLYING FEATURES: DYNAMIC AND SPIN SUMS
As mentioned before, type-4 spinors do not satisfy the Dirac equation as previosly demonstrated by Lounesto [1].
Thus, we concluded that they are not eigenspinors of the parity operator (P = m−1γµp
µ), they also do not belong
to a set of eigenspinors of the charge conjugation operator due to the fact that their representation spaces are not
connected by the Wigner time-reversal operator (Θ). Moreover, as a characteristic inherited from Elko spinors, type-4
spinors only satisfy the Klein-Gordon wave equation.
Thus, the spin sum is given by5
4∑
i=1
ψi(p)ψ¯i(p) = 2mS(p), (26)
5 Please note that here we have fixed κ1 = κ2 = κ3 = κ4 = 1, in agreement with the discussions made in Sec IV.
8where the S(p) matrix is defined as
S(p) =


0 0 E+pm 0
0 0 0 E+pm
E−p
m 0 0 0
0 E−pm 0 0

 , (27)
or, in other words,
S(p) =
1
m
(Eγ0 − pγ0γ5), (28)
where γ5 = −iγ0γ1γ2γ3. Note that S(p) is not Lorentz invariant. The S(p) operator present the following properties
S2(p) = 1 and S−1(p) exist. An interesting fact that must be stressed is that
[S2(p)− 1]ψi(p) = 0, (29)
such that, the operator that appears on the right hand side in equation (26) annihilates type-4 spinors. At this stage
we are looking for all the rudimentary mathematical and physical details encoded on type-4 spinors. Once they are
well established, we propose the field quantization where type-4 spinors play a role of expansion coefficients of the
quantum field.
Note that it is also possible to redefine the dual structure of the above spinors, ensuring a Lorentz invariant spin
sum and providing new physical information. Such redefinition give allowance for a Lorentz invariant theory but the
new bilinear structure do not respect FPK identities so we have chosen to abandon the dual redefinition.
VI. FINAL REMARKS
The present paper reports the discovery of type-4 spinors. We constructed the first case of mass-dimension-one
fermions endowed with single helicity. Our theoretical results create a new class of single-helicity spinors, that are
not eigenspinor of charge conjugation, parity or time-reversal symmetry. In additon, we have shown that the type-4
spinors only carry relevant physical information and satisfy the FPK identities if we chooses to set κ = 1, otherwise, we
can not guarantee it. We also showed that type-4 spinors do not fulfil the Dirac dynamic and found a non-conventional
dynamics, which is given on the right hand side of the spin sums presented in (26) and (28).
It is also possible to redefine the dual structure which lead us to an invariant and non-vanishing norm under the
orthonormal relation. This reveals new dynamics and new physical observables codified in this structure. Nevertheless,
the price to be paid is that the related bilinear structures do not respect the FPK identities and should be deformed
as was shown in [15]. In this scenario, these spinors would not belong to the Lounesto classification anymore.
From the physical point of view we highlight that this mapping procedure shows that once we break the chirality
symmetry of the Elko spinor we are breaking the link between the representation spaces of the resulting spinors. There-
fore, these new spinors only inherit some characteristics of the originating spinor, and, in addition, such symmetry
break brings a breach between the representation spaces, making the resulting spinors even more exotic.
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